We study fermionic zero modes in the self-dual vortex background on an extra 2-torus in 5+1 dimensions. It is shown that the self-dual vortex arises from the symmetric phase and the asymmetric phase of Higgs field in the context of generalized Chern-Simons Higgs model. We also analyze the Dirac operator on the extra two-dimensional space and the effective Lagrangian of four-dimensional fermion with gauge, gravity and vortex backgrounds. Solving the Dirac equation, we obtain the fermionic zero modes in two simple cases. It is shown that the vortex background contributes a phase shift to the fermionic zero modes, and this phase is determined by the topology of the extra dimensions, it can be observed through Aharonov-Bohm effect. On the other hand, for the vacuum expectation of the Higgs field v = 0, the fermionic modes present a singular behavior, this singularity originates from the topology of the extra space.
Introduction
In four-dimensional space-time, the interactions of fermions in a Nielsen-Olesen vortex background have been widely analyzed in the literature, mainly in connection with bound states at threshold [1] , zero modes [2] and scattering solutions [3] . Recently, Frere, Libanov and Troitsky have shown that a single family of fermions in six dimensions with vectorlike couplings to the Standard Model (SM) bosons gives rise to three generations of chiral Standard Model fermions in four dimensions [4, 5] . In 5+1 dimensions, Frere et al also studied the fermionic zero modes in the background of a vortex-like solution on an extra two-dimensional sphere and relate them to the replication of fermion families in the Standard Model [6] .
The topological vortex (especially Abrikosov-Nielsen-Olesen vortex) coupled to fermions may lead to chiral fermionic zero modes [7] . Usually the number of the zero modes coincides with the topological number, that is, with the magnetic flux of the vortex. In Large Extra Dimensions (LED) models, the chiral fermions of the Standard Model are described by the zero modes of multi-dimensional fermions localized in the (four-dimensional) core of a topological defect [8] . One spinor field of theory in 5+1 dimensions corresponds to three chiral fermions of effective theory (SM) in 3+1 dimensions. Due to this fact, number of free parameters of the model can be significantly reduced.
In Ref. [9] , we present an unified description of the topological and non-topological self-dual vortices in the Abelian Higgs model on a two-dimensional non-compact extra space. Based on this vortex background, we study fermionic zero modes on the extra space in 5+1 dimensions. Through two simple cases, it is shown that the vortex background contributes a phase shift to the fermionic zero modes. The phase is actually originates from the Aharonov-Bohm effect and can be divided into two parts, one is related with the topological number of the extra space, the other depends on the non-topological vortex solution. While the model of 5+1 dimensions with two extra compact dimensions can provide an interesting insight into the problem of hierarchy problem of chiral fermionic mass pattern. In this paper, we shall study fermionic zero modes coupled with a self-dual vortex background on a two-dimensional compact extra space in 5+1 dimensions.
The paper is organized as follows: In section 2, through the self-dual equation on a two-dimensional curved space, we find the topological structure of self-dual vortex. In section 3, we analyze the Dirac operator and the effective lagrangian of the fermions in the vortex background in 5+1 dimensions. In section 4, two simple cases are discussed to show the role of vortex background in the fermionic zero modes. In the last section, a brief conclusion is presented.
Self-dual vortex on a two-dimensional curved Riemann surface
We consider a (5+1)-dimensional space-time M 4 ×T 2 with M 4 represents our four-dimensional space-time and T 2 represents a two-dimensional extra Riemann surface. The metric G M N of the manifold M 4 × T 2 is determined by
where g µν = g µν (x α ) is the four-dimensional metric of the manifold M 4 , capital Latin indices M, N = 0, · · · , 5, Greek indices µ, ν, α = 0, · · · , 3, γ ij = γ ij (y k ) is the two-dimensional metric of the extra space T 2 , lower Latin indices i, j, k = 1, 2 and y 1 = θ, y 2 = ϕ are the coordinates on T 2 = S 1 × S 1 , R 1 and R 2 are radii of the two circles S 1 , respectively. To generate the vortex solution, we introduce the Chern-Simons Higgs Lagrangian
, A M is a U(1) gauge field, and D M = ∂ M − ieA M is gauge-covariant but not covariant under general coordinate transformation. The Abrikosov-Neilsen-Olsen vortex solution on the M 4 × T 2 could be generated from the Higgs field. In the generalized Chern-Simons Higgs model, if the system admits a Bogomol'nyi limit [10] , one can arrives the first-order Bogomol'nyi self-duality equations in a curved space-time [11, 12] :
3)
The complex Higgs field φ can be regarded as the complex representation of a twodimensional vector field φ = (φ 1 , φ 2 ) over the base space, it is actually a section of a complex line bundle on the base manifold. Substituting φ = φ 1 + iφ 2 and
into Eq. (2.4) and splitting the real part form the imaginary part, we obtain two equations
From Eqs. (2.5) and (2.6), by calculating ∂ i φ * φ − ∂ i φφ * , we can obtain the expression of the gauge potential
If we define the unit vector
and note the identity
Eq. (2.7) further simplifies to:
In curved space, the magnetic field is defined by
So the first self-dual equation (2.3) can be generalized to
According to Duan's topological current theory, it is easy to see that the first term on the RHS of Eq. (2.12) bears a topological origin. From Duan's φ-mapping topological current theory [13] , one can see that the topological term ǫ ij ǫ ab ∂ i n a ∂ j n b just describes the non-trivial distribution of n at large distances in space [14] . Noticing ∂ i n a =
and the Green function relation in φ-space:
, it can be proved that [15] 
where J( φ y ) is the Jacobian and W k = β k η k is the winding number around the kth vortex, the positive integer β k is the Hopf index and η k = ±1 is the Brouwer degree. So the first Bogomol'nyi self-dual equation (2.3) should be
From our previous work, obviously the first term on the RHS of Eq. (2.14) describes the topological self-dual vortex.
To end this section, let us discuss the case of flat space for the self-dual equation (2.14) . In this special case, γ ij = δ ij and Eq. (2.14) read as
While the corresponding conventional self-dual equation is [16] 
Comparing our equation (2.15) with Eq. (2.16), one see that the topological term 2πδ 2 ( φ)J( φ x ), which describes the topological self-dual vortex, is missed in the conventional equation. Obviously, only when the field φ = 0, the topological term vanishes and the conventional equation is correct. So, the exact self-dual equation should be Eq. (2.15) for flat space and Eq. (2.14) for curved one. As for conventional self-dual nonlinear equation (2.16), a great deal of work has been done by many physicists on it, and a vortex-like solutions was given by A. Jaffe [17] . But no exact solutions are known.
Now we see that there are two classes of vortices which arise correspondingly from the symmetric phase and asymmetric phase of the Higgs field. These two classes of vortices provide different vortex background. And we shall study fermionic zero modes coupled with the vortex background in the following two sections.
Dirac operator in the vortex background
The lagrangian of the fermions in the vortex background on T 2 is
where E M A is the sechsbein with 
where
are usual four-dimensional Dirac matrices in the chiral representation:
here σ i are the Pauli matrices. Γ A have the following relation:
in which η AB = diag(+, −, · · · , −) is the six-dimensional Minkowski metric. The non-vanishing components of Ω M are
where ω µ = 1 2 ω ab µ I ab is the spin connection derived from the metric g µν (x) = e a µ e b ν η ab , lower case Latin indices a, b = 0, · · · , 3 correspond to the flat tangent four-dimensional Minkowski space.
Using Eq. (3.7), the lagrangian (3.1) of the fermions then becomes
We apply now the standard decomposition procedure. Since the vortex background does not depend on x µ , one can separate variables related to M 4 and T 2 . To this end, let us introduce the transverse Dirac operator in the background (2.10):
and expand any spinor in a set of eigenvectors Θ m (θ, ϕ) of this operator
There may exist a set of discrete eigenvalues λ m with some separation. All these eigenvalues play a role of the mass of the corresponding four-dimensional excitations [4] . We assume that the energy scales probed by a four-dimensional observer are smaller than the separation, and thus even the first non-zero level is not excited. So, we are only interested in the zero modes of D T :
This is just the Dirac equation on a torus T 2 with gauge, gravity and vortex backgrounds. For fermion zero modes, we can write
where Θ satisfies Eq. (3.12). The effective Lagrangian for ψ then becomes
Thus, to have the localization of gravity and finite kinetic energy for ψ, the above integral must be finite. This can be achieved if the function Θ(θ, ϕ) does not diverge on the whole torus T 2 .
Fermionic zero modes in the vortex background
In this section, to illustrate how the vortex background affects the fermionic zero modes, we first discuss the simple case that the Higgs field φ is only relative to ϕ, and then solve the general Dirac equation for the vacuum Higgs field solution φ = v.
Case I: φ is only relative to ϕ
Now we discuss a simple situation that φ only depend on the parameter ϕ, i.e., φ = φ(ϕ). In this case, Eq. (2.10) simplifies to:
1)
and Dirac equation D T Θ = 0 becomes:
Here Θ can be written as the following form:
where f (θ) is a constant and h(ϕ) satisfies
Now we see that it is very difficult to solve the above equation. Let us consider the simplest case: suppose R 1 ≪ 1 and R 2 ≫ R 1 . Under this assumption, we can ignore the second and fourth terms on the LHS of Eq. (4.5) and get the solution:
Substituting Eq. (4.1) into Eq. (4.6), we obtain
Now we see, the gauge potential appears as phase factor to the fermion zero modes. So the phase factor is decided by the gauge potential A θ , A ϕ and Higgs field φ. As shown in the general case, the self-dual vortex is marked by different winding numbers, i.e.,
Applying Stokes theorem, one can find Q = − A i dy i = 2π e N k=1 W k . So the term (dϕA ϕ + dθA θ ) on the RHS of Eq. (4.7) must be quantized by topological number. The total topological charge Q = 2π e W k contributes a phase factor to the zero modes Θ(θ, ϕ) = Ch(ϕ). The phase factor is determined by the topological properties of the extra space manifold. Eq. (2.13) reveals that this topological phase originates from the symmetric phase of the Higgs field. For a 2-torus, the total topological charge is determined by the Euler characteristic number of it, so we have Q = 2π e 2(1 − n) = 0 and the zero modes simplify to
As all known, quantum topological and geometrical phases are ubiquitous in modern physics-in cosmology, particle physics, modern string theory and condensed matter. In fact, according to Eq. (4.7), we see this phase shift is actually the quantum mechanical Aharonov-Bohm phase. This discission can be generalized to the AB phase of non-abelian gauge theories, such as the Wilson and 't Hooft loops. Since the AB phase is fundamental to theories of anyons and to gauge fields, it is an important tool for studying the issues of confinement and spontaneous symmetry breaking.
Case II: The vacuum solution
For the vacuum solution: φ = v, ρ = φ 2 = v 2 , we have A θ = A ϕ = 0 and the Dirac equation 9) in which Θ can be decomposed as Θ = f (θ)h(ϕ), f (θ) is a constant again and h(ϕ) satisfies the following equation 11) one obtains the following two sets of the differential equations
The solutions are 14) where q = gvR 2 . So the Fermion zero modes not only depend on the coupling constant g between extra space and Higgs field, but also depend on the vacuum expectation value v.
It is easy to see that, if the vacuum expectation v = 0, the solution h(ϕ) becomes singular.
As we know, φ = v = 0 corresponds to the symmetric phase and φ = v = 0 corresponds to the asymmetric phase. It suggests that the symmetric phase just corresponds to the singularity of Fermion zero modes, the topological self-dual vortex just arises from the symmetric phase of Higgs field. So this singularity must bear a topological origin, it is determined by the topology of the physical system. The discussion above can also be generalized to a more universal case, usually the general Dirac equation is hardly solvable, while the two simple cases above provide us a coarse insight into the fermionic zero modes in the vortex background.
Conclusion
In extra two-dimensional curved space, we obtain the inner topological structure of the Chern-Cimons vortex. The multicharged vortex is found at the Jacbian determinate J(φ/x) = 0. It is showed that the charge of the vortex is determined by Hopf indices and Brouwer degrees. We also establish the exact self-duality equations with topological term, which is the density of topological charge of the vortex: J 0 = 1 √ γ 2π e δ 2 ( φ)J(φ/x). Different from the conventional self-duality equation, our equation with topological term is valid even at the zero points of the field. The topological and non-topological self-dual vortices just arise from the symmetric and asymmetric phase of the Higgs field, respectively. The vortex background contributes a phase shift to the fermionic zero modes in the (5+1)-dimensional space-time. This phase factor is related to the Euler characteristic number of the manifold of the extra space. Solving the general Dirac equation for the vacuum case, we see the fermionic modes present a singular behavior at the symmetric phase, this singularity originates from the topology of the extra space.
In fact, if the extra dimensions is large and non compact [18, 19] , it provides us a new insight into the solution of gauge hierarchy problem [20] and cosmological constant problem. There is also some interesting properties on the fermion modes in vortex background in a extra two-dimensional flat space [9] .
